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Abstract In this paper, we introduce a numerical method
based on Artificial Neural Networks (ANNs) for the analy-
sis of black hole solutions to the Einstein-axion-dilaton sys-
tem in a high dimensional parabolic class. Leveraging a pro-
file root-finding technique based on General Relativity we
describe an ANN solver to directly tackle the system of ordi-
nary differential equations. Through our extensive numeri-
cal analysis, we demonstrate, for the first time, that there is
no self-similar critical solution for the parabolic class in the
high dimensions of space-time. Specifically, we develop 95%
ANN-based confidence intervals for all the solutions in their
domains. At the 95% confidence level, our ANN estimators
confirm that there is no black hole solution in higher dimen-
sions, hence the gravitational collapse does not occur. Results
provide some doubts about the universality of the Choptuik
phenomena. Therefore, we conclude that the fastest-growing
mode of the perturbations that determine the critical exponent
does not exist for the parabolic class in the high dimensions.

1 Introduction

It is well known that three parameters play key roles in
describing black holes. These parameters include the mass,
the angular momentum and the charge of the black holes.
According to [1], there still may be another parameter
that may be relevant to black holes and their solutions.
Christodoulou [2–4] studied the existence of the spheri-
cally symmetric collapse solutions to the Einstein scalar
field. Choptuik [1] then proposed a distinguished property of
the collapse solutions illustrating the discrete self-similarity
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of the real scalar field. Indeed, one can argue that various
gravitational collapse solutions represent space-time self-
similarity; hence dilations happen.

Note that all the critical solutions illustrate the scaling
law. The initial condition of the scalar field can be charac-
terized by the parameter p relating to the field amplitude.
Let p = pcrit represent the critical solution. The black hole
is then formed when p takes on a value larger than pcrit.
When p becomes bigger than the critical value, the follow-
ing scaling law determines the mass of the black hole or the
Schwarzschild radius in d ≥ 4 by

rS(p) ∝ (p − pcrit)
γ , Mbh(p) ∼ (p − pcrit)

(D−3)γ , (1)

where γ � 0.37 for four dimensions and for a real scalar
field [1,5–7].

Several approaches investigated the numerical simula-
tions for studying the spherically symmetry of the scalar field
for some matter content [8–12]. Moreover, in [6,13–15] we
find studies that evaluated the gravitational collapse solutions
of the perfect fluid. The critical exponent γ � 0.36 was first
found in [14]. Strominger and Thorlacius [16] discussed that
γ may have a universal value for all fields that can be coupled
to gravity in four dimensions.

Maison [15] has already shown the matter-dependence of
the mass-scaling exponent. Hatefi and Kuntz [17] recently
showed that the critical exponent depends on the space-time
dimension and also they confirmed that the critical exponent
depends an the matter content and the ansätze of the various
solutions of self-similar collapse. These results thus provide
doubts concerning the universality of the Choptuik exponent.
It should be mentioned that one can derive the exponent based
on various perturbations of self-similar solutions [6,15,18].
In fact, one can start perturbing field h as

h = h0 + ε h−κ , (2)
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where h−κ includes the scaling −κ ∈ C related to different
modes. Note that the minus sign indicates a growing mode
near the black-hole formation time as t → 0. When one
requires to find the most relevant mode κ∗, corresponding to
the highest value of Re (κ), γ can be obtained from [6,15,18]
by

γ = 1

Re κ∗ . (3)

Abrahams and Evans [19] explored numerically the
axisymmetric gravitational collapse. Alvarez-Gaume et al.
[20] found the other critical solutions as well as the shock
waves. Hirschmann and Eardley [21] derived the original
results for the axion-dilaton in four dimensions and con-
cluded that γ � 0.2641.

There is a relationship between the axion-dilaton sys-
tem and the so-called formation of black holes, particu-
larly in analyzing their holographic descriptions in diverse
dimensions, see [7]. The axion-dilaton system is relevant to
the gauge/gravity correspondence [22–25], relating the crit-
ical exponent and Choptuik exponent, the imaginary part of
quasinormal modes and the dual conformal field theory [26].
This axion-dilaton system has found applications in various
areas, including the physics of black holes [27–30] as well
as the S-duality transformation in this particular class [31].
Another application of the axion-dilaton system appears in
cases where one is interested in the collapse of spaces that
can asymptotically tend to AdS5 × S5. In these cases, the
matter content is given by the axion-dilaton system and the
self-dual 5-form field.

Alvarez-Gaume and Hatefi [32] originally investigated the
gravitational collapse of the axion-dilaton system in the ellip-
tic case. They computed the critical collapse of the system by
analyzing the hyperbolic ansatz [33]. Subsequently, the con-
tinuous self-similar solutions were calculated in [34] in var-
ious dimensions. In a recent paper, Antonelli and Hatefi [35]
derived the perturbations and reproduced the correct value
of γ ∼ 0.2641 in four dimensions [21]. Later on, in [17] a
computation of the perturbation equations and the extraction
of other critical exponents was studied.

Recently, in [36,37] Fourier-based regression models and
nonlinear statistical spline smothers are explored for estimat-
ing the gravitational collapse functions of the axion-dilaton
system under 4-dimensional elliptic and hyperbolic spaces.
While these statistical methods perform well enough in esti-
mating the nonlinear pattern of the critical collapse functions
in four dimensions case, the Fourier-based estimators may
change significantly in the case of slight changes in the esti-
mates of the regression parameters. Another challenge asso-
ciated with the spline regression methods is that the methods
require realizations of the underlying population. In other
words, one has to solve the equations of motion iteratively
to observe the response from the critical collapse functions

on their entire domain. This may be challenging when find-
ing a solution to the equations of motion results in numerical
instability, or there may not be a clear solution to distinguish
the domains of the critical collapse functions.

Previous works focus the analysis of the solutions for the
axion-dilaton system in low dimensional space-time. Our
first contribution is that in this work we extend the study of
these solutions, under the parabolic class, to higher dimen-
sional space-time, ranging from four to nine. Given the recent
advances in Artificial Neural Networks (ANNs) for solv-
ing differential equations [38–40], we propose, for the first
time, an ANN-based solver to estimate the self-similar grav-
itational collapse solutions of Einstein axion-dilaton sys-
tem under parabolic class. Leveraging a profile root-finding
technique based on General Relativity, our approach is able
to directly tackle the system of ordinary differential equa-
tions associated to the axion-dilaton system. Unlike previ-
ous works in the literature on critical solutions in parabolic
class, we develop a stochastic approach to present the univer-
sal estimator, modeled by the ANN, of the critical collapse
functions to deal with the sampling variability involved in
neural networks for black hole solutions in parabolic class.
In other words, we construct 95% empirical intervals for the
estimators of all the critical collapse functions in parabolic
case. Through extensive numerical studies, at a 95% confi-
dence level, we show that there is no black hole solution in
higher dimensions for the parabolic class using our ANN-
based solver.

This paper is organized as follows. Section 2 describes
the self-similar axion-dilaton system in d dimensions and
the equations of motion for the third conjugacy class of
SL(2,R) transformation. Section 3 explains our approach by
using ANNs to analyze the solutions to the the self-similar
axion-dilaton system. In Sect. 4, we investigate the perfor-
mance of the ANN-based method in estimating the critical
collapse functions under parabolic class for various space-
time high dimensions. Section 5, finally, presents a summary
and concluding remarks.

2 Equations of motion of black holes

In this section, we discuss the self-similar axion-dilaton sys-
tem and then develop the equations of motion for the third
conjugacy class of SL(2,R) transformation.

2.1 The relevant system in parabolic class

The effective action of the Einstein axion-dilaton system that
can be coupled to d dimensional gravity [41,42] is given by

S =
∫

dd x
√−g

(
R − 1

2

∂aτ∂a τ̄

(Imτ)2

)
. (4)
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The axion-dilaton can be combined by defining τ ≡ a+ie−φ .
The SL(2,R) symmetry of action in Eq. (4) is shown by

τ → Mτ ≡ aτ + b

cτ + d
, ad − bc = 1 , (5)

where a, b, c and d are real parameters.
When the quantum effects are taken into account, the

SL(2,R) symmetry will be related to SL(2,Z) and this dual-
ity also holds for the case of the non-perturbative symmetry
[43–45]. One can obtain the equations of motion by taking
the variations from the metric and the τ field, respectively.
Hence the equations of motion are given by

Rab = 1

4(Imτ)2 (∂aτ∂b τ̄ + ∂a τ̄ ∂bτ), (6)

∇a∇aτ + i∇aτ∇aτ

Imτ
= 0. (7)

The metric in d dimensions for the spherical symmetry
can be written as

ds2 = (1 + u(t, r))(−b(t, r)2dt2 + dr2) + r2d�2
d−2, (8)

where τ field represents a function of both coordinates of t
and r , that is τ = τ(t, r), and d�2

d−2 denotes the angular
part for the metric.

If we use the scale-invariant (t, r) → (	t,	r), then ds2

must scale as ds2 → 	2ds2. Thus all the functions in the
metric should be scale-invariant, namely u(t, r) = u(z),
b(t, r) = b(z), z ≡ −r/t . The effective action in Eq. (4) is
invariant under the SL(2,R) transformation (5). This implies
that τ should also be invariant up to an SL(2,R) transforma-
tion as

τ(	t,	r) = M(	)τ(t, r). (9)

When the system of (g, τ ) enjoys the above invariant proper-
ties, then the system is called a continuous self-similar (CSS)
solution. Note that the different assumptions can be related
to different classes of dM

d	

∣∣
	=1 [34], where τ(t, r) can take

the elliptic, hyperbolic and parabolic assumptions. From (9),
the general form of the ansatz for the elliptic, hyperbolic and
parabolic class is given by

τ(t, r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

i 1−(−t)iω f (z)
1+(−t)iω f (z)

, elliptic

1−(−t)ω f (z)
1+(−t)ω f (z) , hyperbolic

f (z) + ω log(−t), parabolic

(10)

where ω is an unknown real parameter for all the classes.
Also function f (z) satisfies the condition | f (z)| < 1 for the
elliptic case; however, function f (z) satisfies the condition
Im f (z) > 0 for hyperbolic and parabolic classes.

It is worth mentioning that in Appendix A we show that
the proposed ANNs-based approach can confirm that there

exists a solution in the four-dimensional elliptic case which
is compatible with findings of [34]. Here, we just study the
parabolic self-similar solutions in detail. From the equations
of motion (6) and (7), it can be shown that the following
symmetry is present. In other words, if

f (z) → f (z) + a, (11)

then all the equations of motion remain invariant.
Applying CSS ansätze (10) to equations of motion (6) and

(7), one can develop the ordinary differential equations for
u(z), b(z), f (z). If we take the spherical symmetry, u(z) can
be eliminated in terms of b(z) and f (z), employing

u(z) = zb′(z)
(q − 1)b(z)

. (12)

Note that the first derivative of u(z) can also be removed
from all equations of motion as

qu′(z)
2(1 + u(z))

= w f̄ (z) f ′(z) + w f (z) f̄ ′(z) − 2z f̄ ′(z) f ′(z)
( f (z) − f̄ (z))2

.

(13)

Finally, all the ordinary differential equations (ODEs) are
given by

b′(z) = B(b(z), f (z), f ′(z)) , (14)

f ′′(z) = F(b(z), f (z), f ′(z)). (15)

From (6) and (7), the equations of motion for self-similar
solutions for the parabolic case in d dimensions (d =
4, .., 10) are given by the following system

0 = b′ − 2z(b2 − z2)

(d − 2)b( f − f̄ )2
f ′ f̄ ′

+ 2ω(b2 − z2)

(d − 2)b( f − f̄ )2
( f̄ ′ + f ′)

+ 2ω2z

(d − 2)b( f − f̄ )2
,

0 = − f ′′ − 2z(b2 + z2)

(d − 2)b2( f − f̄ )2
f ′2 f̄ ′

+ 2

( f − f̄ )

(
1 + ω(b2 + z2)

(d − 2)b2( f − f̄ )

)
f ′2

+ 2ω(b2 + 2z2)

(d − 2)b2( f − f̄ )2
f ′ f̄ ′

+2

z

(
− (z2 − (d−2)b2

2 )

(z2 − b2)
+ 2ωz2

(b2 − z2)( f − f̄ )

+ 2ω2z4

(d − 2)b2(b2 − z2)( f − f̄ )2

)
f ′

− 2ω2z

(d − 2)b2( f − f̄ )2
f̄ ′
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+ 2ω

(b2 − z2)

(
− 1

2
− ω

( f − f̄ )

− ω2z2

(d − 2)b2( f − f̄ )2

)
. (16)

These equations are invariant under some shifts of f (z)
by a real number. Let f (z) = u(z) + iv(z), f̄ (z) = u(z) −
iv(z) where u(z), v(z) are real functions. Solving the system
of equations (32) in Cartesian coordinates, the equations of
motion, for d dimensions (d = 4, .., 10) can be written as
follows:

−2(d − 2)b′bv2 + w2z + (z2 − b2)

×(−2wu′ + zu′2 + zv′2) = 0. (17)

The other equation for f ′′ is given by

2(d − 2)b2v2(u′′ + iv′′)z(z2 − b2)

+ w3z3 − 2(d − 2)v2wzb2

− 3w2z4u′ + 4(d − 2)v2z2b2u′

+ w2z2b2u′ − 2(d − 2)2v2b4u′ + 3wz5u′2

− wz3b2u′2 − 2wzb4u′2

− z6u′3 + z2b4u′3 + 4(d − 2)vwz2b2v′

− 4(d − 2)vz3b2u′v′

+ 4(d − 2)vzb4u′v′ + wz5v′2 − wz3b2v′2

− z6u′v′2 + z2b4u′v′2

+ i

(
2(d − 2)vw2zb2 − 4(d − 2)vwz2b2u′

+ 2(d − 2)vz3b2u′2 − 2(d − 2)vzb4u′2 − w2z4v′

+ 4(d − 2)v2z2b2v′ − w2z2b2v′ − 2(d − 2)2v2b4v′

+ 2wz5u′v′ − 2wzb4u′v′

− z6u′2v′ + z2b4u′2v′ − 2(d − 2)vz3b2v′2

+ 2(d − 2)vzb4v′2 − z6v′3 + z2b4v′3
)

= 0 . (18)

The regularity of τ and residual symmetries in the equa-
tions of motions (32) entails the initial boundary conditions
as

{
b(0) = 1, f ′(0) = 0 ,

f (0) = i Im f (0), Im f (0) = x0 ,
(19)

where x0 is a real parameter and Im f (0) > 0.
Hence, the problem is reduced to determine two real

parameters, including ω and f (0). The equations of motion
in (32) have five singularities (see [32]) located at z = ±0,
z = ∞ and z = z±. The last two singularities are expressed
by b(z±) = ±z±. They are related to the homothetic horizon
where z = z+ is just a mere coordinate singularity [21,32].

Thus, τ must be regular across it, representing that f ′′(z)
must be finite as z → z+. Therefore, the vanishing of the
divergent part of f ′′(z) generates a complex-valued con-
straint at z+, denoted by G(b(z+), f (z+), f ′(z+)) = 0. The
explicit form of the G function for the parabolic case is then
given by

G( f (z+), f ′(z+))

= − 1

f (z+)

(
− 2(d − 2)ω f̄ (z+)

(
ω − 2z+ f ′(z+)

)

+ (d − 2) f̄ (z+)2 (
(d − 4)z+ f ′(z+) + ω

)
− 2(d − 2) f (z+)

(
f̄ (z+)

(
(d − 4)z+ f ′(z+) + ω

)
−ω

(
ω − 2z+ f ′(z+)

))
+ (d − 2) f (z+)2 (

(d − 4)z+ f ′(z+) + ω
)

+ 2ω2 (
ω − 2z+ f ′(z+)

) )
. (20)

Owing to the vanishing of the real and imaginary parts of
G, one can rewrite the equations in (32) as a system of equa-
tions based on two unknown parameters (ω, Im f (0)). Once
the system is obtained, using f (0) = i x0 and the bound-
ary condition at z = 0, one can find the discrete solutions
by integrating numerically the equations of motion (32). For
instance, the discrete solution in four dimensions for the ellip-
tic case was first found in [46] and then was confirmed in
[32,34].

2.2 Scaling symmetry

One can show that there is an extra symmetry for the parabolic
case from the ansatz as

τ(t, r) = f (z) + ω log(−t). (21)

If we scale ω and f (z) by a constant L , then τ also scales
by L . In other words, if we have

ω → Lω, f (z) → L f (z), L ∈ R+, (22)

then τ also transforms as τ → Lτ . Hence, if (ω, Im f (0)) is
a solution, then (Lω, L Im f (0)) leads to the same solution.

Note that G Eq. (20) scales homogeneously as L2 under
(ω, f ) → (Lω, L f ), because all equations of motion
and the constraint G(ω, Im f (0)) are invariant under this
new scaling. According to this degeneracy, the only real
unknown parameter becomes the ratio ω/Im f (0), and the
two-dimensional constraint should be solved for it.

Due to the fact that G(ω, Im f (0)) only depends on
ω/Im f (0), one can apply a profile root-finding method to
determine the solutions to the equation of G. To do that, we
first set Im f (0) = 1 and treated Eq. (20) as a function of
ω, and next found the root of G on ω coordinate. If there
exists a root, then it generates a continuous ray of solutions
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Fig. 1 The contours of the real and imaginary parts of G(ω, Im f (0)) in four-dimensional (top panels) and five-dimensional (bottom panels)
parabolic class. The blue and orange curves represent the real and imaginary functions, respectively

(ω, Im f (0)) = (Kω∗, K ). Different solutions in the same
ray must be related to an SL(2,R) transformation where they
are not physically distinguishable. When τ(t, r) = τ(z), we
can show that this trivial solution can be obtained from any
of the previous solutions by ω → 0, using the initial bound-
ary conditions b(0) = 1, τ ′(0) = 0. Therefore, τ(0) = τ0

should be an arbitrary constant. These are, in fact, the ini-
tial conditions that reproduce flat space-time with a constant
axion-dilaton of τ0.

The top panel of Fig. 1 shows two-dimensional contours
of the zeroes of the real part (with blue colour) and imagi-
nary part (with orange colour) of G(ω, Im f (0)), as functions
of (ω, log Im f (0)) in four-dimensional parabolic space. We
observe that the curves corresponding to the real and imag-
inary parts of the G function do not intersect in the entire
region. The top panel of Fig. 1 demonstrates the degen-
eracy associated with the extra scaling invariance (22) in
four dimensions, as described earlier. According to the wide
region of (ω, log Im f (0)) in the top-left panel of Fig. 1, one
may argue that there may exist a solution for the small values
of ω and log Im f (0). To elaborate on this argument, we show
the contours of the real and imaginary parts of G(ω, Im f (0))

but now on smaller values of ω and log Im f (0)) in the top-
right panel of Fig. 1. From the later plot, there is clearly no
intersection between the real and imaginary parts of the G
function. This verifies that no solution exists to equations in
(32) in the four-dimensional parabolic space for ω > 0.

2.3 Solutions in higher dimensions

In this subsection, we investigate the solutions to equations
of motion in (32) for parabolic space in various space-time
dimensions ranging from five to nine. Similarly to the four
dimensions, one can use the constraints on vanishing the real
and imaginary parts of G(ω, Im f (0)) and re-write equation
(32) as a function of two unknown real parameters ω and
Im f (0). Using an appropriate starting point for Im f (0), one
can apply the profiling method and find the root of G function
(20).

Figures 1 (bottom panel) and 2 demonstrate the con-
tours using the zeroes of the real and imaginary parts of
G(ω, Im f (0)) function (20) for different dimensions rang-
ing from five to nine. In each plot, blue and orange curves
indicate the real and imaginary parts of the G(ω, Im f (0))

function, respectively. From Figs. 1 and 2 demonstrate that
the two parts do not intersect throughout the entire domain
of the parameters (ω, log Im f (0)). This concludes that no
parabolic black hole solution exists even in higher space-
time dimensions d ∈ {5, . . . , 9}. This leads to the fact that
gravitational collapse will not take place in high-dimensional
parabolic cases and it leads to the Minkowski flat space-time.

Note that, for the five-dimensional parabolic case, one
can search for the zeroes of the real and imaginary parts of
G(ω, 1) and may find a spurious solution ray. This solution
ray may stem from the numerical instability of the equations
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Fig. 2 The contours of the real and imaginary parts of G(ω, Im f (0)) in parabolic case for various dimensions including d = 6 (top left), d = 7
(top right), d = 8 (bottom left) and d = 9 (bottom right)

of motion for a very small value of ω. For further remarks in
this case, readers are referred to [47]. While the numerical
accuracy is insufficient to assess the solution with certainty
in five dimensions, using the root-finding method, one may
identify a very small value for |G| and a value of ω as

|G| ∼ 0.006, ω ∼ 1.65 . (23)

It is evident from Fig. 2 that the higher the space-time
grows, the more divergence is observed between the real
and imaginary parts of the G(ω, Im f (0)) function. In other
words, in the higher dimensions, the real part of the G func-
tion diverges so quickly and disappears in the entire domain,
that it is more likely that there is no interaction between
the real and imaginary curves. Therefore, it confirms that no
parabolic black hole solution is expected in higher dimen-
sions.

3 Search for solutions using neural networks

In this section, we describe an ANN-based solver for the
equations of motion in (17) and (18). We intend to provide
an alternative approach to the method described, in order to
shed more light on the problem, confirming that no black
hole solution exists in higher dimensional parabolic cases.

In the simplest form, an artificial neural network consists
in a multi-layer perceptron [48]. The neural network utilizes
linear and nonlinear transformations to dispatch data from
one layer to another, ultimately from the input layer to the

output layer. Many variations of neural networks have been
developed, such as fully connected neural networks, convo-
lutional neural networks, and recursive neural networks, to
name a few [48,49]. Artificial neural networks have found
applications in almost all scientific fields ranging from bioin-
formatics [50] and material sciences [51], to natural lan-
guage processing [52]. In this work, we focus on the fully
connected neural networks which are sufficient to deal with
the non-linearity of the Einstein-axion-dilaton system in the
high-dimensional parabolic classes.

Let N L(x, t, φ) represent a deep neural network with L
layers mappingRdin → R

dout . din and dout encode the dimen-
sionality of the input and output of the network. Let nl denote
the number of neurons for the lth layer of the network, for
l = 1, . . . , L − 1. n0 = din and nL = dout are the number
of neurons in the input and output layers, respectively. Sup-
pose Wl for l = 1, . . . , L − 1 denotes the weight matrix of
size (nl × nl−1) associated with the lth layer of the neural
network, whose ( j, k)th entry, namely Wl

j,k , represents the
weight connecting the j th neuron in layer l with the kth neu-
ron in layer l−1. Let bl denote the bias vector in the lth layer
where blj gives the bias associated with the j th neuron in the

lth layer. Let Zl be the response observed from the lth layer
of the network before the activation. The response variable
Zl is then given by

Zl = Wl NNl−1(x, t, φ) + bl , l = 1, . . . , L − 1. (24)

Suppose σ is a nonlinear activation function applied element-
wise to the response variable in the layers. The input layer is
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NN0(x, t, φ) = x. From (24), the output from the lth layer
of the neural network is given by

NNl(x, t, φ) = σ(Zl), l = 1, . . . , L − 1 (25)

and the output in the last layer is as follows

NNL(x, t, φ) = ZL . (26)

Overall, the neural network architecture is characterized
by its parameters (or weights) which can be encoded as fol-
lows φ = (W1, . . . ,WL ,b1, . . . ,bL).

To train a neural network, one requires the definition of a
loss function, which measures the performance of the trained
machine. Let L (N L(x, t, φ)

)
denote the loss function of the

neural networkN L(x, t, φ). In addition to the above forward
propagation steps (see Eqs. (25) and (26)), one needs to con-
sider the back-propagation to make sure that the responses
in the network make sense. The back-propagation algorithm
evaluates the gradients of the loss function with respect to the
response variables in the previous layers. It is easy to show
that the back-propagation boils down to

∂L (N L(x, t, φ)
)

∂Zl
=

[(
Wl+1

)�
(

∂L (N L(x, t, φ)
)

∂Zl+1

)]

�∂σ(Zl)

∂Zl
, (27)

where � stands for the Hadamard product calculating the
element-wise product between two matrices. Finally, one can
compute the back-propagation of the last layer by

∂L (N L(x, t, φ)
)

∂ZL
= ∂

∂NNL(x, t, φ)
L

(
N L(x, t, φ)

)

�∂σ(ZL)

∂ZL
. (28)

For more details about the deep neural network algorithms,
readers are referred to [48,49].

The Universal Approximation Theorem declares that neu-
ral networks are universal approximators: no matter the
nature of a function, there is a neural network that can approx-
imately approach its result. Because of this property of neu-
ral networks, various researchers have recently investigated
ways to employ neural networks to solve ordinary and partial
differential equations, e.g. [38].

The basic concept in solving differential equations using
an ANN is to re-frame the problem as an optimization prob-
lem in which the objective consists of minimizing the squared
residual of the differential equations. To do so, one can gen-
eralize any differential equation as

Du(x, t) − f = 0,

where D is the differential operator, u(x, t) is the solution of
interest, and f is a known forcing function.

As described earlier, ANNs can be considered universal
approximates for any function. We consider the output of
a neural network as N L(x, t, φ). N L(x, t, φ) provides us
with the approximation for our solution for the differential
equation. Given N L(x, t, φ) as a solution to the differential
equation, we can construct the loss function by the squared
residuals in the form of

L(N L(x, t, φ)) =
(
N L(x, t, φ) − f

)2
. (29)

The loss function (29) now can be incorporated into the
forward and backward propagation steps (24)–(28) to mea-
sure the loss corresponding to the set of learned parameters.

It is easily seen that Eq. (29) translates the problem of
finding solutions to a system of differential equations, to an
optimization process of the neural network loss function by

arg min
φ

L(N L(x, t, φ)). (30)

Equation (30) indicates that the neural network is designed
to minimize the squared residuals of the trained N L(x, t, φ).
Consequently, this guarantees thatN L (x, t, φ) represents the
functional form of the solution of the differential equations
when the neural network learning process converges.

We follow this approach in this work to tackle the prob-
lem of solving the system of ordinary differential equations
defined by the equations of motion of black holes in the
parabolic class, as we described in Sect. 2 (Eqs. (17) and
(18)). This system of equations can be approached with
a neural network-based solver like the one described. Our
goal here is to provide an alternative approach to General
Relativity-based profile root-fining, described in Sect. 2, so
that we can explore whether there are self-similar solutions
for high dimensions in the parabolic class.

4 Numerical studies based on ANNs

In this section, we explore the properties of the fully con-
nected neural networks, described in Sect. 3, in estimating
the critical collapse functions corresponding to equations
of motion in higher dimensional parabolic class. Using the
neural network estimates for the critical collapse functions,
we show that no self-similar critical solution exists for the
parabolic class in higher dimensions of space-time.

Due to the invariance of f (z) − f̄ (z), it is clear from
the equations of motion that all the equations are invariant
under a shift of f (z). In other words, the entire equations do
not depend on u(z), implying that u(0) = 0. On the other
hand, the regularity of τ (10) at z = 0 implies f ′(0) =
u′(0)+ iv′(0) = 0. Hence, all boundary conditions are given
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Fig. 3 The ANN architecture implemented to optimize the parabolic
equations of motion. It is a multi-layer perceptron of four hidden layers
with 16 units each

by

b(0) = 1, u′(0) = v′(0) = u(0) = 0. (31)

Similar to Sect. 2, from the regularity of τ and residual
symmetries, the boundary conditions of the required crit-
ical functions are derived by (19). In a similar vein, as the
behaviours of the real and imaginary parts of f do not depend
on the value of Im f (0), we can set the boundary conditions
of the two real parameters as Im f (0) = 1 and ω = 1.65
in the ANNs estimating method for five dimensional space-
time. From (23) we also set ω = 1.65 and Im f (0) = 0.321
for all the other dimensions, see [33,47].

To implement the ANN-based method, described in
Sect. 3, we used the python package NeuroDiffEq [38]. We
have implemented a specific solver to obtain the estimates of
the critical collapse functions b0(z), Re( f (z)) and Im( f (z))
corresponding to the parabolic class for d = 4, . . . , 9 space-
time dimensions. We integrate in this solver the NN network
architecture shown in Fig. 3. It consists of a multilayer per-
ceptron for each function, with an input layer, a set of four
hidden fully connected layers with 16 units each, and the out-
put layer. Every hidden unit is followed by a rectified linear
unit (ReLU) activation function [48,53]. This architecture
provides the necessary stability to find the solutions of the
system of differential equations we are dealing with.

According to the profile root-finding studies discussed in
Sect. 2, if there was a parabolic solution to the equations of
motion, the solution would appear in a neighbourhood of
small values of space-time, namely z < 3. For this reason,
using the above ANN configuration, we validated the esti-
mates of the critical collapse functions at 1000 equally spaced
points in the interval z j ∈ (0, 3], j = 1, . . . , 1000. We then
computed the ANN estimates using 3000 epochs to reach a
good level of convergence of the loss functions in learning
all the critical functions for d = 4, . . . , 9 dimensions.

Due to the non-linear patterns of the parabolic equations
of motion, and the trained ANN solvers’ sampling variability,
the critical collapse function estimates slightly change from
one trial to another. To cope with this stochastic property of
the proposed ANN estimates, we independently replicated
20 times the above ANN estimation procedure. That is, the
ANN solver was independently applied to the differential
equations for 20 times. We then validated the performance
of the trained ANN models at points z j , j = 1, . . . , 1000.
Skewness in the performance of the ANN estimations is
unavoidable because of the non-linear pattern of the criti-
cal functions in their domain and the stochastic property of
the learned parameters. Therefore, the critical collapse func-
tions in the domain are considered our statistical parameters
of interest. We then constructed the 95% empirical confi-
dence intervals for all the critical collapse functions. To con-
struct the confidence intervals, we obtained the 2.5, 50 and
97.5 percentiles of the ANN-based estimates at each space-
time point z j , j = 1, . . . , 1000. We finally replicated the
above ANN-based method to estimate the parabolic critical
collapse functions in all dimensions d = 4, . . . , 9.

Figures 4, 5, 6, 7, 8, 9 and 10 show the 95% ANN-based
confidence intervals of the critical collapse functions b0(z)
(green colour), Re( f (z)) (red colour) and Im( f (z)) (blue
colour) corresponding to parabolic class for d = 4, . . . , 9
space-time dimensions. The lower, upper and middle bands
of the confidence intervals are represented by 2.5 (dotted
line), 97.5 (dashed line) percentiles and median (solid line),
respectively. We observe from Figs. 4, 5, 6, 7, 8, 9 and 10 that
no intersection occurs between 95% ANN-based confidence
regions of functions Re( f (z)) and Im( f (z)) in parabolic
class of d = 4, . . . , 9 dimensions. As the dimension grows,
in addition, more divergence is observed between the ANN-
based confidence regions of the real and imaginary parts of
G(ω, Im f (0)). Therefore, Figs. 4, 5, 6, 7, 8, 9 and 10 con-
firm that, at 95% level of confidence, there exists no self-
similar black hole solution for parabolic class ind = 4, . . . , 9
dimensions. This ANN-based estimation method confirms
the numerical results of the profile root-finding of Sect. 2,
but from a different perspective, directly tackling the system
of differential equations defined by the equations of motion
of black holes.

We assess the convergence of the ANN estimators for the
critical collapse functions in Figs. 6 and 11. With respect to
the effect of the learned parameters (for the ANN) on the
behaviour of the loss functions, we analyzed the loss differ-
ences observed in the 20 replicates of the ANN estimation
method. To do so, we computed the difference between train-
ing and test loss functions in the last epoch of the ANN learn-
ing process. Figures 6 and 11 show the line and box plots of
this loss difference of the proposed ANN method in the esti-
mation of the critical collapse functions. We clearly observe
that the median difference between training and test losses is
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Fig. 4 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
four-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 20 replicates
with 3000 epochs each

Fig. 5 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
five-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 20 replicates
with 3000 epochs each

close to zero. Despite the sampling variability, this confirms,
on average, the convergence of the ANN-based method in
solving the equations of motion in d = 4, . . . , 9 dimensions
for parabolic class.

In Fig. 5 there is a short intersection between the 95%
ANN-based confidence intervals of the real and imaginary
parts of G(ω, Im f (0)) in five dimensions. This spurious
black hole solution is compatible with the finding of Hatefi
and Vanzan [47] where equations of motion in the five-

dimensional parabolic class may sometimes lead to a solution
due to the numerical instability of the solvers.

To elaborate on this argument, we investigated another
numerical study where more estimates are considered. Here,
we followed our ANN method, as described earlier, in esti-
mating the critical functions in five dimensions with 3000
epochs. We replicated the ANN estimates 100 times instead
of just 20 times. Figures 12 and 13 show the results of
this extensive numerical study. From Fig. 12, we observe
that there is no intersection between 95% ANN-confidence
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Fig. 6 The differences between train and validation loss functions of
the developed ANNs in estimating the critical collapse functions. The
top, middle and bottom panels show the loss differences of the estimates

in 4D, 5D and 6D parabolic spaces, respectively. The panels show the
line plot and box plot of loss differences of the ANN estimates for 20
replicates with 3000 epochs each

Fig. 7 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
six-dimensional parabolic class.
The ANN lower (dotted lines),
upper (dashed lines) and median
(solid lines) bands were
computed from 20 replicates
with 3000 epochs each
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Fig. 8 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
seven-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 20 replicates
with 3000 epochs each

Fig. 9 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
eight-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 20 replicates
with 3000 epochs each

intervals of the real and imaginary parts of G(ω, Im f (0))

in 5 dimensions. Therefore, at a 95% confidence level, no
parabolic black hole solution exists even in 5 dimensions.
We believe that the spurious solution is due to the complex-
ity of the equations of motion and the numerical instability of
the neural network solvers. The ANN solver sometimes con-
verges to the local optimum rather than the global optimum.
Therefore the variance of the ANN statistic increases. This
numerical instability consequently increases the length of the
ANN-confidence intervals of the critical collapse functions.
Figure 13 shows clearly this numerical instability such that
the ANN solver converges to a local optimum of the equa-

tions of motion for 3–4 replicates (out of 100 replicates) and
results in a significant loss difference.

5 Summary and concluding remarks

In this paper, we proposed a numerical approach to find the
self-similar solutions to the axion-dilaton system in higher
dimensions of the parabolic class. Specifically, we have
described an ANN-based approach that allows us to directly
solve the differential equations proposed in the axion-dilaton
model. Unlike the statistical models in [36,37], the ANN-
based estimators take directly the equations of motion as
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Fig. 10 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
nine-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 20 replicates
with 3000 epochs each

Fig. 11 The differences between train and validation loss functions of
the developed ANNs in estimating the critical collapse functions. The
top, middle and bottom panels show the loss differences of the esti-

mates in 7d, 8d and 9d parabolic spaces, respectively. The panels show
the line plot and box plot of loss differences of the ANN estimates for
20 replicates with 3000 epochs each
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Fig. 12 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
five-dimensional parabolic
class. The ANN lower (dotted
lines), upper (dashed lines) and
median (solid lines) bands were
computed from 100 replicates
with 3000 epochs each

Fig. 13 The differences between train and validation loss functions of the developed ANNs in estimating the critical collapse functions in 5d
parabolic class. The panels show the line plot and box plot of loss differences of the ANN estimates for 100 replicates with 3000 epochs each
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input and translate the estimation problem into an opti-
mization process. The proposed numerical method is quite
generic and can be applied to all SL(2, R) transformation
classes in any dimension and any matter content. In fact, we
have shown in Appendix A that the proposed ANN-based
approach could confirm that there exists a solution which is
compatible with the findings in the literature for the four-
dimensional elliptic case. We found that the proposed ANNs
estimation approach detected a solution in the equation of
motions with probability 1 in the numerical experiment. This
empirically confirms a solution in the domain of the critical
collapse functions in the elliptic class of four dimensions.

Unlike elliptic and hyperbolic classes, for the parabolic
class in higher dimensional space-time we have shown that
there exists no self-similar critical solution due to an extra
scaling symmetry. According to the sampling variability of
neural networks, we constructed 95% empirical confidence
intervals based on our fully connected ANNs for all the crit-
ical collapse functions in parabolic class for various dimen-
sions ranging from four to nine. Through extensive numerical
studies, at a 95% confidence level, the ANN-based solvers
confirm that there is no black hole solution in higher dimen-
sions for the parabolic class.

The gravitational collapse does not thus take place for
parabolic ansatz. Our results provide some doubts about
the universality of the Choptuik phenomena. Therefore, the
fastest-growing mode of the perturbations determining the
Choptuik exponent does not exist in these cases, and no grav-
itational collapse occurs. It is also worth mentioning that our
analysis provides reasons not to expect to transfer the stan-
dard derivations of statistical mechanics to the critical grav-
itational collapse.
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Appendix A: Solution for the elliptic class in 4 dimension

Although we planned to develop the ANNs throughout this
manuscript to show no black hole solution exists in higher
dimensional space-time of the parabolic class, it is instructive
to assess if the proposed ANN-based method can detect if
there exists a solution to equations of motion in the case
where the solution is already known in the literature. To do
so, we focus on the elliptic space-time in 4 dimension. In
the following, we briefly describe the equations of motion
corresponding to the elliptic class of 4 dimension.

In a similar vein to Sect. 2, applying CSS ansätze (10) to
equations of motion (6) and (7), one can derive the ordinary
differential equations for u(z), b(z), f (z). Due to the spheri-
cal symmetry, u(z) and u′(z) can be eliminated. From (6) and
(7), the equations of motion for self-similar solutions can be
re-written as:

0 = b′ + z(b2 − z2)

b(−1 + | f |2)2 f ′ f̄ ′ − iω(b2 − z2)

b(−1 + | f |2)2

×( f f̄ ′ − f̄ f ′) − ω2z| f |2
b(−1 + | f |2)2 ,

0 = f ′′ − z(b2 + z2)

b2(−1 + | f |2)2 f ′2 f̄ ′ + 2

(1 − | f |2)
×

(
1 − iω(b2 + z2)

2b2(1 − | f |2)
)

f̄ f ′2

+ iω(b2 + 2z2)

b2(−1 + | f |2)2 f f ′ f̄ ′ + 2

z

(
1 + iωz2(1 + | f |2)

(b2 − z2)(1 − | f |2)
+ ω2z4| f |2

b2(b2 − z2)(1 − | f |2)2

)
f ′ + ω2z

b2(−1 + | f |2)2 f 2 f̄ ′

+ 2iω

(b2 − z2)

(
1

2
− iω(1 + | f |2)

2(1 − | f |2) − ω2z2| f |2
2b2(−1 + | f |2)2

)
f.

(32)

The above equations are invariant under a global redef-
inition of the phase of f (z). One can solve them in polar
coordinates, that is f (z) = fm(z)ei fa(z). The vanishing of
the divergent part of f ′′(z) generates a complex-valued con-
straint at z+, denoted by G(b(z+), f (z+), f ′(z+)) = 0. The
explicit form of the G function for the elliptic case in 4d is
then given by:

G( f (z+), f ′(z+))

= 2z f̄ (z+)
(
−2ω2

)
f ′(z+)

+ f (z+) f̄ (z+)
(
2z+ f̄ (z+)(−2 + 2iω + 2) f ′(z+)
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Fig. 14 The 95% ANN-based
confidence intervals for the
critical collapse functions in the
four-dimensional elliptic class.
The ANN lower (dotted lines),
upper (dashed lines) and median
(solid lines) bands were
computed from 20 replicates
with 1000 epochs each

+2iω
(

2 + ω2
))

− 2z+(2 + 2iω − 2) f ′(z+)

f (z+)
+ 2ω(ω − i) f (z+)2 f̄ (z+)2

− 2ω(ω + i) . (33)

The regularity of τ and residual symmetries in the equations
of motions (32) result in the initial boundary conditions as
b(0) = 1, f ′

m(0) = f ′
a(0) = fa(0) = 0.

The behaviours of equations in (32) do not depend on the
value of phase of f (z); hence, one can easily set the bound-
ary conditions as fa(0) = 0. Similar to Sect. 2, applying
the profile root-finding, one can easily obtain ω = 1.176
and fm(0) = 0.892 for four-dimensional space-time. Like
in Sect. 2, if there is an elliptic solution to the equations of
motion, the solution should appear in a neighbourhood of
small space-time values, namely z < 3. In this Appendix,
we present a numerical study to show if the proposed ANNs
approach can detect the solution in the equations of motion
for the elliptic case in 4d.

Similar to numerical studies of Sect. 4, we validated the
estimates of the critical collapse functions at 1000 equally
spaced points in the interval z j = (0, 4], j = 1, . . . , 1000,
using the same ANN architecture. We then computed the
ANN estimates using 1000 epochs to reach a good level of
convergence for the loss functions in learning all the critical
functions for d = 4 dimension.

As discussed in Sect. 4, the ANNs require a training step to
propagate and back-propagate the gradients for training the
parameters; hence the ANN-based critical collapse functions
change slightly from one trial to another, depending on the
trained parameters. To account for this stochastic behaviour,
we ran the ANN method with 1000 epochs in estimating
the critical collapse functions, and then we replicated ANN

estimation for N = 20 times (as in our previous study for
the parabollic class).

We used three statistical measures to evaluate the per-
formance of the ANNs in estimating the critical collapse
functions. Like in Sect. 4, we first developed the 95% ANN-
based confidence interval for the critical collapse functions
in elliptic space. Figure 14 represents the ANN-based con-
fidence intervals based on 20 replicates. We also computed
the difference between training and validation losses in the
last epoch of the ANNs. Figure 15 represents the line and box
plots of the loss differences over 20 replicates. Finally, we
computed the coverage probability to empirically measure
the likelihood that the ANNs approach captures a solution in
the domain of the critical collapse functions. To compute the
coverage probability, when ANNs detect a solution in repli-
cate i , we set the coverage index Ii = 1; otherwise, Ii = 0 for
i = 1, . . . , N . Finally, the coverage probability is calculated
by 1

N

∑N
i=1 Ii .

Figure 15 shows that the difference between training and
validation loss functions is almost 10−3. This indicates that
with 1000 epochs the ANNs have converged in estimating
the critical collapse functions in the elliptic space-time of 4d.
From Fig. 14, it is seen that the ANNs confirm, at the 95%
confidence level, that there is a solution in the elliptic class
of 4d roughly between z+ ∈ [0.5, 3], which is compatible
with the analytical solution z+ = 2.605 from [35]. Finally,
we observed that the proposed ANNs estimation approach
detected a solution in the equation of motions with coverage
probability 1 in the numerical experiment. This empirically
confirms the solution in the domain of the critical collapse
functions in the elliptic class of 4d.

123



  623 Page 16 of 17 Eur. Phys. J. C           (2023) 83:623 

Fig. 15 The differences between train and validation loss functions of the developed ANNs in estimating the critical collapse functions in 4d
elliptic class. The panels show the line plot and box plot of loss differences of the ANN estimates for 20 replicates
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